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Abstract 

We propose a four-point effective action for the graviton, antisymmetric two-forms, 
dilaton and axion of type IIB superstring in ten dimensions. It is explicitly SL{2, Z)- 
invariant and reproduces the known tree- level results. Perturbatively, it has only one- 
loop corrections for the NS-NS sector, generalizing the non-renormalization theorem 
of the R 4 term. Finally, the non-perturbative corrections are of the expected form, 
namely, they can be interpreted as arising from single D-instantons of multiple charge. 
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1. Introduction 

There is a lot of activity nowadays towards understanding the non-perturbative struc- 
ture in string theory. In type IIB theory, in particular, the non-perturbative physics is 
intimately related with the existence of the SL(2, Z) symmetry [ffl 0. The spectrum of 
the type IIB theory contains an SL(2, Z) multiplet of strings and five-branes, the self-dual 
three-brane, the seven-brane, as well as D-instanton solutions. The latter are the only ones 
that give non-perturbative corrections in ten dimensions. This can be seen by compactify- 
ing the theory. In this case, the various Euclidean (p + l)-word- volumes of p-branes have 
an infinite action in the decompactification limit except when p = — 1, which is just the 
type IIB D-instanton. 

In cr-model perturbation theory, there exists a four-loop divergence that contributes to 
the /3-functions || and gives a' 3 corrections to the effective action. This can also be con- 
firmed by string four-point amplitude calculations @, |(| . For four gravitons, in particular, 
there exists also a one-loop result |7j for the R 4 corrections and non-renormalization the- 
orems have been conjectured for their structure |], [|. One expects that all contributions 
higher than one loop to vanish, since for higher genus surfaces there are more than eight 
fermionic zero modes; this is exactly the number needed to saturate the external particles 
in a four-point amplitude ||. This heuristic argument has been proved by using superspace 
techniques . 



Besides the perturbative corrections to the R 4 term, there also exist non-perturbative 
ones. Their form has recently been conjectured by Green and Gutperle on the basis of 
SL(2, Z) invariance ||. In particular, the modular invariance of the effective action is 
achieved by employing a certain non-analytic modular form. The structure of the latter is 
such that it gives only tree- and one-loop corrections to the R 4 term besides the instanton 
ones. An ansatz for the form of the corresponding four-graviton amplitude has been given 
in [11|. Moreover, the R 4 term gives rise to a similar term in M-theory JTJ, |H| [14| and 
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the compactification of the latter gives results consistent with string theory expectations 

MM- 

One may now proceed further by including the other massless modes of the type IIB 
theory. In this case, the tree-level result for the four-point amplitudes of the dilaton and the 
antisymmetric tensor has been given in ||, while a one- loop calculation is lacking. Now, 
arguments similar to those above seem to suggest that the non-renormalization theorem 
for the R A term may also be extended to the full effective theory when all modes are 
included. Namely, the perturbative expansion for the NS-NS sector stops at one loop 
and all other corrections are non-perturbative. This can also be justified by consistency 
conditions related to M-theory |T7[ . However, the inclusion of the other modes at the tree 
level has a serious drawback. It breaks the manifest SL(2, Z) invariance of the theory. Here, 
we propose an effective action for all bosonic massless modes of type IIB, except for the 
self-dual four-form. We do not consider the latter because of the lack of any perturbative 
information at the eight-derivative level. The action we propose respects the SL(2, Z) 
symmetry and reproduces the effective action of when all R-R fields are switched off. 
In particular, the NS-NS sector has only tree- and one-loop corrections besides the non- 
perturbative ones. 

In the following section, we recall perturbative results in the type IIB effective theory. 
In section 3, we summarize the analysis of [f| concerning the non-perturbative corrections 
to the R A term. In section 4, we propose an SL(2, Z)-invariant effective action and discuss 
its compatibility with a recent calculation |y] of the R 2 (dd(j)) 2 term in type IIB on K3. 

2. Perturbative Effective Type IIB Theory 

The massless bosonic spectrum of type IIB superstring theory consists in the graviton 
9mni the dilaton and the antisymmetric tensor B\j N in the NS-NS sector and the axion 
X, the two- form B 2 MN and the self-dual four- form field Amnpq in the R-R sector. The two 
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scalars of the theory can be combined into a complex one, r = T\ + ir 2 , defined by 

T = X + ie-+. (2.1) 

The theory has two supersymmetries generated by two supercharges of the same chirality. 
It has in addition a conserved U(l) charge which generates rotations of the two supersym- 
metries and under which some of the fields are charged Jl| . The graviton and the four-form 
field are neutral, the antisymmetric tensors have charge q — 1, whereas the complex scalar 
r has q = 2. The fermionic superpartners of the above fields are a complex Weyl gravitino 
and a complex Weyl dilatino. 

The bosonic effective Lagrangian of the theory in lowest order in a' takes the form[| 



C = R - ^- 2 d M rd M f - -^(tH 1 + H 2 ) KMN {fH l + H 2 ) KMN , (2.2) 



where H^ MN = 8kB% in + cyclic for a = 1, 2 and we have set the four-form to zero. The 
theory has an SL(2, R) symmetry that acts as 

a b 
c d 

and leaves the Lagrangian ( |2.2| ) invariant. The complex scalar r parametrizes an SL(2, H)/U(l) 
coset space. In general, the group SL(2, R) can be represented by a matrix V± pi PI 



r-^, B a MN ^(A T r ia ^ MN , A=\ )eSX(2,R), (2.3) 



Vl Vl\ i (re 



-id ^ r AB • 



re 

V 2 Vl) ~ V-2«r 2 y e -io e ie J ' 
The local U(l) is realized by the shift 9^9 + A9 and the global SL(2, R) acts from the 
left. One may define the quantities 

Pm = -^VZduVl = ie 2W ^- , Q M = -ie aP V?d M V? = d M 9 - ^ , (2.5) 

where Qm is a composite U(l) gauge connection and Pm has charge q = 2. We also define 
the complex three-form 

Grmn = -V2i8 a pV+H KMN = -i—={rH 1 KMN + H 2 KMN ) , (2.6) 

V T 2 



1 We set a' = 1 from now on. 
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with charge q = 1. We fix the gauge by choosing 6 = from now on. In this case, the global 
SL(2, R) transformation is non-linearly realized and the various quantities in eqs.( |2.5|) and 
( p.6|) transform as 

1 /2 

d cf + d 1 (cf + d\ (cf + d\ 

-< M —* ; — > VM - ► vm + tttCm ln ; — ; , ^kmn ~^ ; — ; ^kmn ■ 

ct + d 1% \ct + d J \ct + d J 

(2.7) 

We may also define the covariant derivative Dm = Vm — iqQM, which transforms under 
SL(2, R) as 

There exists a' 3 corrections to the effective Lagrangian ( |2.2[ ) above, which have been 
evaluated in || and are written as 

r _ C(3) 3/2 (.ABCDEFGH+MNPQRSTU , 1 ^ABCDEFGHIJ ^MNPQRSTU \ 
'-'Apt — 3 . 26 2 V 8 8 8 7J ' 

xRabmnRcdpqRefrsRghtu j (2-9) 

where 

iW PQ = + i e -* /8 v [ M^ P0 - ^[m [p v^v q V . (2.io) 

The tensor £g is defined in 0], £10 is the totally antisymmetric symbol in ten dimensions 
and the square brackets are defined without the combinatorial factor 1/2 in front. The 
Lagrangian ( [2.9|) reproduces the four-point amplitude calculated in string theory and it is 
in agreement with a-model perturbative calculations. In addition, at the same order in a' 
one expects contributions coming from five- to eight-point amplitudes. These contributions 
can be implemented by adding the terms 

-\e-*H{ M ° [P H l N]c Q] + ±g [M ird N] <f>^<f> - ^ [ V] Q W^ (2.11) 
to the r.h.s. of eq.( [2.10| ) and then Rpqmn turns out to be the Riemann tensor associated 
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to the generalized connection, which includes the torsion and the Weyl connection || 

Tmnp = 2 e Hmnp > &mnp — ~^9p[n9m\4> ■ (2-12) 
Expanding the R terms in eq.( |2.9| ) we find 

-Ue^RiWH^ddcf) - AR 3 dd(f) + Qe~ <t> R 2 (VH 1 ) 2 (2.13) 
+Qe-' t> {VH l f{dd(t)) 2 + 6R 2 (dd<j)) 2 - AR{dd(j)f) , 

where dd<p stands for (dd<p) MNPQ = gMpV N d Q <j) and VH 1 for (yH l ) MNPQ = V M #ivPQ- 
It should be noted that there are no terms with odd powers of V-ff 1 , because such terms 
vanish, owing to the Bianchi identity. One can check for example that the amplitude for 
three gravitons and one antisymmetric field 

+ ABCDEFGH + MNPQRSTU p p p n rrl (o 1 A\ 

^8 l 8 J^ABMNJ^CDPQJ^EFRSy[GJ^H]TU l^- 14 J 

is zero. This can also be argued on the basis of the invariance of the type IIB superstring 
under the world-sheet parity that acts on B l as B l — > — B 1 . 

At the perturbative level, there exist string one-loop corrections to the four-point func- 
tions. For four gravitons these corrections have been calculated and amount to the 
exchange 

C(3)-C(3) + yr 2 ~ 2 , (2.15) 

in eq.Q. 
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3. Non-perturbative R A couplings 

In the type IIB theory, there exist D-instantons that contribute to the four-point ampli- 
tudes. Instantons are solutions of the tree-level Lagrangian ( |2.2| ) in Euclidean space with 



vanishing antisymmetric fields and non-trivial profile for the complex scalar r [IB) . In gen- 
eral, they break half of the supersymmetries and the broken ones generate fermionic zero 
modes. Since the supersymmetry in type IIB theory is generated by a complex Weyl spinor 
with 16 components, we expect eight fermionic zero modes, which can give a non-zero con- 
tribution to four-point amplitudes. In such a background, the action is finite and its value 
is = — 2n\Q\iTQ, where Q is the instanton charge and To is the value of r at infinity. 
Thus, we expect the contribution from a single instanton of charge 1 to be proportional 
to e 2ntT °. The multi-instanton contributions may be determined by T-duality arguments 
as follows |§. Under compactification on S 1 , the type IIB D- instanton is mapped to the 
type IIA D-particle. There are arguments to support the fact that n such single charged 
D-particles combine to a single bound state of charge n |fl9| . The world line of this bound 
state can wrap m times around the compact S l so that its topological charge is inn. Then, 
its T-dual counterpart in type IIB should be a D-instanton of charge Q = mn whose 
contribution is proportional to e 2l7T \ mn \ T o _ Notice that separated instantons are accompa- 
nied by additional fermionic zero modes which can only be soaked up with higher than 
four- derivative interactions. 

For four gravitons the full instanton corrections have been conjectured to take the form 



£r 4 = ^—^fo(i~, r) (t 8 t 8 + ~£i £io ) R 4 , (3.1) 



3 ■ 2< 



where /o(t, t) is the non-holomorphic modular form |20 

3/2 

/o(r,r) = £' , r ] |3 , (3.2) 
and the sum extends over integers (m,n) ^ (0,0). In addition, f (r,f) has the small r^ 1 
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expansion 

e 2 ™ Tl iri(27r|mn|r 2 ) 



/o(r,f) = 2 C (3)r 2 3 / 2 + | r^ 2 + Svrr^ £ 



= 2 C (3)r 2 3 / 2 + fr^ 2 (3.3) 

+4- 3/2 g) V2 (e 2 ~ + e" 2 ™) (l + E(^^- V(- ( fcli/2jjb. ) ' 

where i^i is a Bessel function. This proposal for the exact i? 4 corrections satisfies several 
consistency requirements: 



i) SL(2, Z) invariance. The function /o(t, r) is modular-invariant, so that Cra is invari- 
ant as well. 

ii) It reproduces the correct perturbative expansion. 

iii) The non-perturbative corrections are of the expected form: there are only multiply- 
charged single D-instanton contributions. 

It should be noted that although the proposed form of the i? 4 corrections to the effective 
action satisfy the above constraints, there is no proof for its validity. However, from the 
type IIA side jTT3|, [T2[], as well as from lower dimensional compactifications of type IIB 



|22|1 , there exist strong arguments supporting this form of the R A terms. Nevertheless, 
it does not provide the full four-point Lagrangian since the analogous corrections to the 
other modes (antisymmetric fields and scalars) are lacking. One should expect that the 
substitution of the Riemann tensor Rmnpq with the modified one in eq.( |2.10|) , as suggested 
by the tree-level result, is the full answer. However, in this case, the complex scalar and the 
antisymmetric fields are included in an non-modular-invariant way, which explicitly breaks 
the conjectured SL(2, Z) symmetry of the type IIB theory. We will construct below a full 
SL(2, Z)-invariant effective action. 



4. The SL(2, Z)-invariant type IIB effective action 

The proposed SL(2, Z)-invariant four-point effective action compatible with the tree- 
level NS-NS sector, which includes the complex scalar and the antisymmetric two-form 
fields, is 

S = \J d w x^9^R - ^d M rd M f - l -G KMN G KMN + -^(* 8 * 8 + ^io£io) x 
^/o(r, f) (r 4 + \2R 2 DP DP - QRDP DG 2 + 3R 2 DG DG 
+6DP 2 DP 2 + ^DG 2 DG 2 + GDP DP DG DG ^ 

+/i(r,f) (^-AR 3 DP+^R 2 DG 2 - Y1RDP 2 DP — QRDP DG DG (4.1) 

3 1 - \ 

+3DP DP DG 2 + -DP 2 DG 2 + -DG 3 DG 
2 4 J 

+h(r, f) (^>R 2 DP 2 - 3RDPDG 2 + ADP 3 DP + 3DP 2 DG DG + -^ DG ^ 
+fs(r, f) (- ARDP 3 + *-DP 2 DG 2 ^ + / 4 (r, f)DP 4 + c.c. | , 

where DG stands for (DG)mnpq = D M G NPQ , DP for (DP) M npq = 9mpD n P q and 
similarly for and DP of C/(l) charge g = —1, —2, respectively. The functions / fc (r, f) 
are defined as 

for fc 6 Z. They transform under SL{2, Z) as 

w>^(£t*)"w>- (" l) eSi(2 - z) - (4 ' 3) 

These functions have the correct modular transformation properties to render the action 
SL(2, Z)-invariant. Moreover, the effective action we propose satisfies all the criteria listed 
in the previous section. Namely, it has only tree-level and one-loop perturbative corrections 
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in the NS-NS sector, which is an extension of the non-renormalization theorem of the R A 
term. This can be seen by examining the small r 2 _1 expansion of f k , which follows from 

(k + 2vr 2 4:)fk = (l + k)f k+1 . (4.4) 

As a result we obtain 



'dr r \2 



f k (r, f) = 2C(3)r 2 3/2 + c k r 2 1/2 + • • ■ , (4.5) 



2ir 2 2k — 1 

co = -^~, and c k+l = c k , A; = 0,1,..., (4.6) 

3 2k + 3 



where 



and the dots in eq. (|4.5|) stand for instanton corrections. 

The action (|4.1|) we propose has been constructed from the tree-level one ( |2 . 1 3|) by 
replacing 

V M d N (j) D M P N + D M P N (4.7) 

for the dilaton and 

e */ 2 V ' M H l NPQ — > — j=D m Gmpq H — j=DmG N pq (4.8) 



for the NS-NS antisymmetric tensor. Notice that when x = , i/ 2 = 0, the r.h.s. of 
eq. (|4.8|) gives e _ ^ 2 V mH^ P q + e~^^ 2 dM<t>H^[ P Q, where the second term contributes to at 
least six-point amplitudes, which is not relevant to our discussion. Under modular trans- 
formations, each term in the resulting expression is multiplied by a factor ( J , which 
we finally compensate by replacing 2£(3)t 2 3//2 by /^(t, r). Notice that the terms linear or 
cubic in Vi? , which vanish anyway at tree level in the expansion ( |2.13| ) because of the 
Bianchi identity would have implied additional contributions in (O) involving f k /2^ with 



k odd. However, it is easily seen from their definition in eq. (|4.2| ) that these functions vanish 
identically. 

As a non-trivial check of our proposal, there exists a non-perturbative calculation of 



type IIB on K3 for the four-point amplitude involving two gravitons and two dilatons [21 . 
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This term corresponds to 

A hhH> oc WWRiju&M) {d^d v cj>) , (4.9) 

where the Latin and Greek indices refer to the internal K3 and to the six-dimensional 
spacetime, respectively. By taking the large K3 volume limit, one finds that this amplitude 
is multiplied by the function fo(r, f) in ten dimensions. However, in our case from the action 
(|4.1D this amplitude is proportional to 

Ajklp,upa,mnpqKXtpuj, 1 ijklfxupcrap mnpqKXipw \ p p v7 o ,yj q , f /I 1 fV\ 

^8 r 8 8 a(3 J n ijrnn^klpq9vX9auy ^0 K <p\/ pO^Cp ^ (4.1UJ 

and can be seen to vanish by a straightforward calculation. This apparent paradox can 
be avoided^ by recalling that there exists an additional contribution to the six-dimensional 
amplitude. This arises from the the second and third terms in eq. (|2.11 ) in the definition 



of R in eq.( |2.10p . In that case one obtains the additional contribution 



djklpvpa ,mnpqK\(pu) . 1 ijklpi/paaf3 vnnpqn\ipu> \ p p p v 



1 

^8 "I" jj^'lO fc 10 a/3 j J^ijmnJ^klpqJ^pvKX 

By expanding around the background <7mv = (Vifl™) an d by partially integrating the 
two derivatives in R^ UK \, we get a term proportional to the r.h.s. of eq. (fO|) . Finally, this 
term should be promoted in the exact SL(2, Z)-invariant Lagrangian to 

/ (r, f)R> kl R ijkl DpP v D»P» , (4.12) 



which indeed reproduces the result of [21 . 



5. Conclusions 



We have conjectured here an S-duality invariant effective four-point action of type IIB 
theory. The guiding principles we used were basically the SL(2, Z) invariance and the 
2 We would like to thank I. Antoniadis and B. Piolinc for their contribution on this point. 
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expectation that the perturbative corrections stop at one loop for the NS-NS sector. We 
found that these principles can be satisfied by using the functions /jt(r, r) we introduced. 
They give the correct perturbative corrections and the non-perturbative ones are of the 
expected form. Moreover, the vanishing of four-point amplitudes that involve one or three 
antisymmetric fields is consistent, as we have discussed, with the vanishing of the fk forms 



for half-integer k. Finally, the result of |21|] is consistent with our proposal since, for the K3 
compactification they consider, it arises from a five-point term in ten dimensions. Finally, 
a simple test of our proposal would be an explicit determination of the one-loop coefficients 
Cfc defined in eq. 
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